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Purpose: The primary goal of this study was to estimate the value of �, the exponent 
in the power law relating changes of the transverse relaxation rate and intra‐extravascular 
local magnetic susceptibility differences as ΔR2

∗
∝ (Δ�)�. The secondary objective 

was to evaluate any differences that might exist in the value of � obtained using a 
deoxyhemoglobin‐weighted Δ� distribution versus a constant Δ� distribution as-
sumed in earlier computations. The third objective was to estimate the value of β that 
is relevant for methods based on susceptibility contrast agents with a concentration 
of Δ� higher than that used for BOLD fMRI calculations.
Methods: Our recently developed model of real microvascular anatomical networks 
is used to extend the original simplified Monte‐Carlo simulations to compute � from 
the first principles.
Results: Our results show that �=1 for most BOLD fMRI measurements of real 
vascular networks, as opposed to earlier predictions of �=1.5 using uniform Δ� 
distributions. For perfusion or fMRI methods based on contrast agents, which gener-
ate larger values for Δ�, �=1 for B0 ≤9.4 T, whereas at 14 T � can drop below 1 and 
the variation across subjects is large, indicating that a lower concentration of contrast 
agent with a lower value of Δ� is desired for experiments at high B0.
Conclusion: These results improve our understanding of the relationship between 
R2

* and the underlying microvascular properties. The findings will help to infer the 
cerebral metabolic rate of oxygen and cerebral blood volume from BOLD and perfu-
sion MRI, respectively.
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1  |   INTRODUCTION

The transverse relaxation rate, R2
*, of the MR signal is re-

lated to the dephasing rate of protons within an imaging 
voxel, which is sensitive to magnetic susceptibility–induced 
changes in the local magnetic field, ΔB. One way to alter the 
magnetic susceptibility is to use exogenous agents such as 
gadolinium‐based contrast agents, delivered as a bolus injec-
tion as in the dynamic susceptibility contrast technique, or 
blood‐pool contrast agents such as ultrasmall superparamag-
netic iron‐oxide agents that have long plasma half‐lives.1-4 
The increase of the transverse relaxation rate, ΔR2

*, in re-
sponse to contrast agent injection is a measure of cerebral 
blood volume (CBV), as ΔR2

∗
∝CBV ⋅Δ��,5 in which Δ� 

is the magnetic susceptibility difference between blood and 
tissue and � is a parameter in the power law model of the 
susceptibility effect. In many cases, � is assumed to be 1 and 
the relation is simplified as ΔR2

∗
∝CBV ⋅Δ�.

Deoxyhemoglobin is another agent that can alter local 
magnetic susceptibility, because it is paramagnetic and 
its presence decreases the MR signal.6,7 This endogenous 
agent provides a link between the MR signal and neuronal 
activity.8-11 The BOLD signal is a complicated function of 
several underlying physiological variables including ce-
rebral blood flow (CBF), cerebral metabolic rate of oxy-
gen (CMRO2), and CBV. The Davis model of calibrated 
fMRI describes the BOLD signal change during activation 
as �BOLD=M(1−rCMRO

�

2
∙rCBF�−�), where rCBF and 

rCMRO2 are the relative changes in CBF and CMRO2 nor-
malized by their baseline values.12 Here, M is a normalization 
factor that can be obtained from hypercapnia or hyperoxia 
calibration techniques, and α is the exponent in the flow‐
volume relation rCBV = rCBFα.12-15 The parameter � in the 
original Davis model has the same physiological meaning as 
in the susceptibility effect (i.e., ΔR2

∗
∝Δ��). With these pa-

rameters identified, the Davis model provides a method to 
obtain rCMRO2 during neuronal activation from a combina-
tion of BOLD measurements and CBF measurements, with 
the latter typically acquired using arterial spin labeling.16,17

The value of the parameter � was originally estimated 
using Monte‐Carlo simulations of proton diffusion through 
random distributions of infinite cylinders, and the resulting 
value was found to be 1.5 at B0 = 1.5 T.5 The main source 
that gives rise to a nonlinear susceptibility effect, �≠1, is ex-
travascular proton diffusion. For large vessels such as veins, 
proton diffusion can be ignored and the static dephasing cal-
culations give �=1, whereas for small vessels where diffu-
sion is prominent, �=2.11,18,19 The motional narrowing effect 
of diffusion around small vessels leads to the same amount 
of deoxyhemoglobin, having a weaker effect on the BOLD 
signal compared with larger veins.20 In addition, the cylinders 
models5 are simplified versions of a real vascular network 
in which the more complicated structures, such as vessel 

curvature and bifurcations, found in anatomical vascular net-
works, are not considered and the size distribution of vessels 
are not necessarily modeled. More importantly, unlike exog-
enous contrast agents, the concentration of deoxyhemoglobin 
is not uniform throughout the vascular network, and instead 
there is a gradient of deoxyhemoglobin concentration from 
the arterial side to the venous side of the vascular network. 
Thus, the value of �, particularly in the Davis model for 
fMRI, needs a more comprehensive investigation.

In vivo experiments in humans have found that �=1 in 
calibrated BOLD experiments at 1.5 T, 3 T, and 7 T,21 which 
is consistent with recent multicompartment vascular model-
ing studies that suggest �=1 at 3 T.22,23 These vascular mod-
eling studies estimated β and α indirectly by treating them 
as free parameters of the Davis model in simulations of the 
BOLD signals. However, these studies have abandoned the 
physiological meanings of the parameters and did not explic-
itly determine β through relating ΔR2

* directly to Δχ. In the 
present study, we obtain the value of β from first principles by 
performing calculations using real microvascular networks, 
obtained using in vivo 2‐photon measurements in the cerebral 
cortex of mice, for both deoxyhemoglobin‐weighted and uni-
form Δχ distributions, with the concentration range relevant 
for BOLD fMRI. We find that the value of β decreases with 
magnetic field strength B0. At lower field strengths, β depends 
on the details of the vasculature and can vary across subjects 
and regions for a uniform distribution of Δχ. However, β  =  
1 for most BOLD fMRI measurements at B0 ≥ 3 T, where 
∆χ is weighted by deoxyhemoglobin concentration, which is 
a more realistic assumption for the BOLD signals. Setting β  
=  1 greatly simplifies macroscopic models such as the Davis 
model.12 In addition, the value of β has also been computed 
with a uniform distribution of Δχ at a higher concentration 
relevant for perfusion or functional imaging based on con-
trast agents. For imaging based on contrast agents, �=1 for 
B0 ≤ 9.4 T, whereas at 14 T � drops below 1 and the variation 
across subjects is large, which indicates that a lower concen-
tration of Δ� is desired for experiments at high B0.

2  |   METHODS

2.1  |  Microvascular network and vascular 
anatomical network modeling
The microvascular networks used here were obtained using 
in vivo 2‐photon imaging of the cerebral cortex of C57BL/6 
mice and published in previous studies.23,24 We used 6 
unique microvascular networks obtained from 6 differ-
ent mice. The vascular anatomical network (VAN) model 
was then applied to these vascular networks. The VAN 
model is a bottom‐up model that computes blood flow 
and oxygenation distributions within microscopic vascu-
lature and the resulting MR signal.23,24 The steady‐state 
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oxygen distribution is obtained by solving the advection‐ 
diffusion equation until it reaches equilibrium.25,26 After the 
deoxyhemoglobin distribution is computed from the oxygen 
distribution, the MR signal S(t) can be obtained from Monte‐
Carlo simulations of proton diffusion through inhomogene-
ous magnetic fields. A comparison with the cylinder model 
and more information about the oxygen distribution are 
shown in Supporting Information Figures S1 and S2.

The magnetic field experienced by a proton is the sum of 
the magnetic field perturbations produced by all of the ves-
sels in the VAN, each with a magnetic susceptibility Δ�. We 
model BOLD, in which Δ� is given by the deoxyhemoglobin 
content of each vessel, compared with a constant Δ� dis-
trubution across vessels. The magnetic field inhomogeneity 
ΔB(�⃗x) is computed by convolving Δ� with the magnetic field 
induced by a unit cube ΔBcube =

(

2

�

)

a3

r3

(

3cos2�−1
)

B0
, in which a is 

the grid size (1 μm) and r and � are polar coordinates. The 
phase accumulation of the Nth proton is Δ�n(t)= �ΔBn (t) Δt, 
with � =2.675×105 rad/T/ms = 2.675 × 108 rad/T/s being the 
gyromagnetic ratio and ΔBn (t) being the local magnetic field 
perturbation experienced by the Nth proton at time t. The 
initial positions of 1×107 protons within the VAN voxel are 
random and drawn from a uniform distribution. The diffusion 
coefficient of protons is set to be 1×10−5 cm2/s = 1×10−9 
m2/s,23,27 and protons are not allowed to diffuse across the 
vessel wall. The time step for Monte‐Carlo simulations is dt 
= 0.2 ms = 2 × 10−4 seconds and the TE = 30 ms = 3 × 10−2 
seconds. A smaller time step of dt=0.01 ms is used for large 
B0  ≥9.4T and Δ� 1−10×106, as explained in Supporting 
Information Figure S3. The MR signal at each time step is 
S (t)=Re{

1

N

∑N

n=1
e�n(t)

}, where the intravascular contribu-
tion is �n,intra (t)=

∑t∕dt

k=1
−T∗

2,vessel
(x (k) ) and the extravascu-

lar contribution is �n,intra(t)=
∑t∕dt

k=1
iΔ�n(t)−T

2,tissue
(x (k) ). 

The values of the intrinsic T∗

2,vessel
 and T

2,tissue
depend on field 

strength and blood oxygenation and are obtained experimen-
tally.28 (A more detailed explanation of the simulations is 
found in Refs 23 and 24.) In the present study, we simulate 
only the baseline state and gradient‐echo signals to study the 

susceptibility effect on the reversible transverse relaxation 
rate R2

*. Spin‐echo signals and changes driven by functional 
activation, including dynamic vessel dilations and metabolic 
rate variations, can also be modeled if needed using the same 
framework, which are not examined in this study.23

2.2  |  Transverse relaxation rate and its 
relation to magnetic susceptibility change
For gradient‐echo imaging, the MR signal at TE is approxi-
mated as

The transverse relaxation rateR2
∗ is obtained through

Because ΔR2
*
∝ (Δ�)�,

We obtain � from fitting the ln ΔR2
∗ versus ln Δ� curve with 

varying Δ�. To obtain � that is relevant for BOLD MRI, we 
compute R2

∗ for gradient‐echo signals in 2 different ways. The 
first uses a constant Δ� across all vessels, with a value ranging 
from 2×10−7 to 12×10−7, which is of the same order as the Δ� 
concentration induced by deoxyhemoglobin in BOLD mea-
surement and is referred to as the “uniform Δχ distribution.” 
This is similar to how β has been computed previously using 
infinite cylinders.5,29 In the second method, to account for the 
influence of the nonuniform deoxyhemoglobin concentration 
across the vascular tree on the BOLD signal, the magnetic sus-
ceptibility inside vessels is weighted microscopically as

where SO2 is the oxygen saturation obtained from the oxy-
gen advection diffusion modeling and Hct is the hematocrit, 

(1)S(TE) = exp (−R∗

2
⋅TE).

(2)R2
∗
=−ln(S(TE))∕TE.

(3)ln ΔR∗

2
=� ln Δ�+constant.

(4)Δ𝜒
(

r⃗
)

=Δ𝜒Hct(1−SO2(r⃗)),

F I G U R E  1   A, Example of a graphed vascular network obtained from 2‐photon microscopy measurements (blue, veins; red, arteries; green, 
capillaries). B, ln ΔR2

* as a function of ln Δ� for the vascular network in (A) at B0 =1.5T. The value of � is obtained from the slope of the linear fit, 
which is 1.39 in this example. Here, Δ� distribution is uniform within the BOLD range of 2 × 10−7 to 12 × 10−7

(A) (B)
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which is assumed to be 0.3 in capillaries and 0.4 in arteries 
and veins.22 This β calculation is referred to as the “deoxyhe-
moglobin‐weighted Δχ distribution.” In this case, Δ� is mod-
ulated from 2×10−6 to 4×10−6, and � is similarly obtained 
from the slope of the lnΔR2

* versus Δ� curve. For reference, 
Δ� is typically 4�∙ 0.264 ×10−6 = 3.32 ×10−6, which is the 
susceptibility difference between fully oxygenated and fully 
deoxygenated red blood cells.30 An example of ΔR2

* versus 
Δ� for the uniform Δχ distribution at 1.5 T for 1 vascular 
network (Figure 1A) is shown in Figure 1B. Unless stated 
otherwise, TE = 30 ms is used to fix the length of proton 
diffusion during the simulated MR experiment. We did not 
explore the nonexponential decay of S(t) at early times in the 
current study, and we term R2

* as the apparent transverse re-
laxation rate,30 the attenuation of the signal at TE relative to 
that at TE = 0. If not stated otherwise, the orientation of the 
static magnetic field B0 is in the z‐direction, perpendicular to 
the surface of the cerebral cortex.

One final Δχ range is used to examine the influence of 
contrast agents on β. A higher concentration of Δ� ranging 
from 1×10−6 to 10×10−6 corresponding to vascular gad-
olinium‐diethylenetriaminepentacetate concentrations of 
3.6 mM to 36 mM,5 which covers most of the Δ� range 
for contrast‐enhanced perfusion imaging and is referred to 
as the “contrast agent range,” is also used to compute �,  
in which Δχ was again set to a constant value across all 
vessels. This computation is referred to as the “contrast‐
enhanced Δχ distribution.”

2.3  |  Monte‐Carlo simulations with the 
random cylinders model
To explore the effect of different size vessels on � at dif-
ferent field strengths B0, we performed Monte‐Carlo sim-
ulations of proton diffusion within and around randomly 
distributed magnetic cylinders—similar to the original 
simulations by Boxerman et al,5 but with the size of the 
cylinders fixed in 1 configuration instead of using a distri-
bution of sizes. The static magnetic field is B0ẑ . The mag-
netic field at a point (x, y, z) in space induced by a single, 
infinitely long cylinder is31

Here, � is the angle between the cylinder and ẑ , r is the 
distance of a spatial point from the cylinder axis, and � is 
the angle between projections in a plane orthogonal to the 
cylinder axis of B0ẑ  and a line connecting the point and the 
cylinder axis. The radius of cylinders R is fixed for a single 
simulation, whereas the positions and orientations of the 
cylinders are random. A new configuration is generated for 

each cylinder size R from 1 μm to 5 μm = (1–5) ×10−6 m, 
and each considered 5 different B0 to obtain the size depen-
dence of � at different field strengths. These cylinders and 
protons are contained in a box of size L=600 μm=6×10−4 
m in x, y, and z dimensions to match the dimensions of the 
simulated voxel used in the VAN simulations. We continue 
to add cylinders to the box until N�R2L∕L3 is larger than 
2%, where N  is the total number of cylinders. We have also 
computed the results for N𝜋R2L

L3
> 4%, to see the effect of 

cylinder densities. Distribution of Δ� is uniform with the 
contrast agent range from 1×10−6 to 10×10−6. The BOLD 
range of Δ� from 2×10−7 to 12×10−7 is also used as a com-
parison. Proton diffusion was simulated to derive the MR 
signal following the same procedure as described previ-
ously for the VAN modeling. The values of R2

* and � are 
obtained from Equations 2 and 3, respectively. SI units are 
used throughout this report.

3  |   RESULTS

Results of the BOLD‐relevant � obtained from our 6 unique 
VANs for both uniform Δ� distribution, which was used 
in earlier simulations with random cylinder models,5 and  
deoxyhemoglobin‐weighted Δ� distribution are shown in 
Figure 2A, B, respectively.

We see that the value of � is generally between 1 and 2, 
because a real vascular network is a mixture of large‐produc-
ing (�=1) and small‐producing (�=2) vessels. We also see 
that � can vary between the different vascular networks—
likely because of differences in the size distribution of the 
vessels. The value of � obtained from the deoxyhemoglobin‐
weighted distribution is closer to the large‐vessel size limit of 
�=1, as in this case the venules that are larger in size main-
tain higher deoxyhemoglobin concentrations, and thus exert 
more influence on the diffusing protons than the generally 
smaller arterioles and capillaries. In both cases, � decreases 
with increasing B0, which shows that the diffusion effect on 
� around small vessels is less important at higher fields. This 
indicates that � is expected to be more uniform across sub-
jects and regions at higher magnetic field strengths.

The effect of the orientation of B0 relative to the corti-
cal surface normal axis on BOLD signals has been shown to 
have up to a 40% effect on BOLD signal amplitude.24 This 
effect is due to the fact that the orientations of the vessels are 
not random and the spatial distribution is not uniform.32 Here 
we investigate whether the orientation of B0 has an effect on 
the value of �. Figure 3A,B shows the average � from the 6 
VANs for B0 transverse and is perpendicular to the surface of 
the cerebral cortex with both uniform and deoxyhemoglobin‐
weighted Δ� distribution. The difference between � obtained 
at the 2 orientations is less than 5% at 1.5 T and decreases 
with increasing B0, which shows that the susceptibility effect 

(5)ΔB(x,y,z)∕B0 =

{

1

2
Δ𝜒(R∕r)2cos2𝜑sin2𝜃, r≥R

(

1

6

)

Δ𝜒
(

3cos2𝜃−1
)

, r<R.
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depends less on the B0orientation at higher fields. This fur-
ther suggests a more spatially uniform � map at higher mag-
netic field strengths.

In all of these results, we have fixed the value of TE = 
30 ms to fix the proton diffusion length. In practice, TE is 
chosen to match tissue T2

*, which varies with B0. The ques-
tion arises as to whether the value of � changes with TE. 
In the ideal case, in which S(t) decays truly exponentially, 
the apparent R2

* obtained from lnS(TE)∕TE and � will not 
change. Figure 4 shows the mean value of � obtained from 
our 6 VANs for TE = 15 ms and 30 ms with uniform and 
deoxyhemoglobin‐weighted Δ� distribution. The values of 
� are slightly different for different TEs due to the nonexpo-
nential decay of S(t) at small t,30 exhibiting a small increase 
for shorter TE with uniform Δ� distribution and negligi-
ble dependence on TE for deoxyhemoglobin‐weighted Δ� 
distribution.

For perfusion or functional imaging based on intravascu-
lar contrast agents, the concentration of Δ� can be an order 
of magnitude higher than the range relevant for BOLD fMRI. 
Because the induced magnetic field inhomogeneity is pro-
protional to Δ� ⋅B0, increasing Δ� has a similar effect as 
increasing B0, which acts to decrease �. The values for � 
computed for the contrast agent range of Δ� from 1 × 10−6 
to 10×6−6 with a uniform distribution is shown in Figure 5A. 
We see that �≈1 for B0 ≤9.4 T, which is smaller than the 
values computed in Figure 2A with the BOLD fMRI range 
of Δ�, as expected. However, for B0 =14T, � drops below 1 
and the variations across subjects is large. This indicates that 
at 14 T, a few large vessels dominate and the value of � is no 
longer between the theoretical predictions of 1 and 2 made 
under the assumption of a random distribution of vessels. 
This indicates that at 14 T, a lower concentration of Δ� is 
desired. In Figure 5B, � obtained from a lower concentration 
of Δ� from 1×10−6 to 3×6−6, which is relevant for many dy-
namic susceptibility contrast studies,33 is shown, where �≈1 
at all field strengths. The time step in the Monte‐Carlo simu-
lations for B0 = 9.4 T and 14 T is 0.01 ms instead of 0.2 ms, 
as in other simulations.

F I G U R E  2   Value of � obtained from vascular anatomical 
network (VAN) modeling for uniform Δ� distribution (A) and 
deoxyhemoglobin‐weighted Δ� distribution (B). B0 is perpendicular to 
the surface of the cortex

(A)

(B)

F I G U R E  3   Mean value of � obtained from 6 VANs for B0 transverse and perpendicular to the surface of the cerebral cortex with uniform Δ� 
distribution (A) and deoxyhemoglobin‐weighted Δ� distribution (B)

(A) (B)
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To help understand the behavior of � decreasing with 
increasing B0, we explored the dependence of � on vessel 
radius and magnetic field strength B0 with Monte‐Carlo 

simulations using a random cylinder model, as described in 
the Materials and Methods section. The value of � is obtained 
for various radii R of randomly distributed cylinders at differ-
ent magnetic field strengths, with each value calculated by 
averaging over 4 random cylinder configurations. Figure 6A, 
B shows the results of protons moving freely across vessel 
walls and no proton exchange across vessels walls, respec-
tively. We see that vessel wall permeability has a negligible 
effect on �. The critical value of R, where � deviates from 1, 
is smaller at higher fields, indicating that the small vessels act 
more like large vessel at higher fields; thus, � is closer to the 
large vessel limit of �=1. Figure 6C shows the results for a 
cylinder volume fraction of 4% (as opposed to 2% in the other 
simulations). These can be compared with simulations in the 
strict static dephasing regime, as shown in Figure 6D, where 
protons are not moving and the value of � is approximately 
1, which further confirms that proton diffusion is the main 
cause of a nonlinear susceptibility effect (�≠1). For a typical 
capillary radius of 3μm, �=1 for 7 T and above. This ensures 
that �=1 for imaging regions consisting only of capillaries 
at 7 T and above for high‐resolution fMRI. For a range of 
Δ� similar to that encountered in BOLD fMRI as shown in 
Figure 6E, � is significantly higher for capillaries, compared 
with the results obtained for a range of Δ�, mimicking that 
found when using a contrast agent as in Figure 6A. Thus, 
assuming a uniform distribution of Δ� overestimates � for 
BOLD fMRI measurements, as the small capillaries with 
large � are weighted the same way as large veins.

4  |   DISCUSSION

The parameter �, the exponent in a power law relationship 
between the change in transverse relaxation rate ΔR2

* and 
changes in the magnetic susceptibility of blood Δ�, is im-
portant in 2 physiological imaging contexts: (1) guiding 

F I G U R E  5   Value of � obtained from 6 VANs for uniform 
Δ� distribution within perfusion or functional imaging based on 
susceptibility contrast agents from 1×10−6 to 10×10−6 (A) and from 
1×10−6 to 3×10−6 (B)

(A)

(B)

F I G U R E  4   Mean value of � obtained from 6 VANs for TE = 15 ms and 30 ms with uniform Δ� distribution (A) and deoxyhemoglobin‐
weighted Δ� distribution (B)

(A) (B)
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quantitative physiological interpretation of BOLD to help 
estimate CMRO2; and (2) quantifying CBV or perfusion by 
modeling the signal from an intravascular contrast agent. 
An important difference between these 2 applications is 
that for the BOLD effect the blood susceptibility is altered 
nonuniformly, weighted by deoxyhemoglobin with the larg-
est changes in the venous vessels, whereas injected contrast 
agents change the susceptibility of blood uniformly and the 
concentration of Δ� is usually higher compared with the 
range relevant for BOLD fMRI. Here we report the behavior 
of � at different magnetic field strengths and concentrations 
of Δ� based on numerical simulations using realistic vascu-
lar anatomical models derived from detailed imaging in mice.

Results from both VAN modeling using real micro-
vascular networks and Monte‐Carlo simulations using 
randomly orientated infinite cylinders show that proton 
diffusion effects are less relevant at higher fields for the 
susceptibility effect, reflected in our finding that � de-
creases toward a value of 1.0 as the field increases. A value 
of � greater than 1.0 occurs when there is some degree of 
motional narrowing due to diffusing protons sampling a 
range of the distorted fields around a vessel. In the limit of 

very fast diffusion, so that each proton samples all of the 
field offsets within the diffusion length, � = 2.0. Although 
the extent of proton diffusion is independent of the field 
strength, the volume of significantly distorted magnetic 
field around a vessel does increase with the field strength. 
The observed behavior is implied in the definition of the 
motional narrowing regime in which diffusion is important 
(i.e., R2𝛿𝜔

D
≪1), as in earlier studies.5,18 Here, D is the pro-

ton diffusion coefficient, ��∝B0 is in units of angular fre-
quencies, and R is the radius of cylinders. This relation can 
be recast as B0R2 ≪ constant; thus, increasing B0 requires a 
smaller Rfor the condition to be satisfied. At higher field 
strength, the critical vessel radius where � deviates from 
1 is smaller, which is consistent with the results shown 
in Figure 2. The second effect of motional narrowing is 
that because each proton is sampling a range of field off-
sets, the net signal decay is reduced compared with what 
it would have been without diffusion. This is illustrated in  
Figure 7, showing that the decay is faster around larger 
vessels and at higher fields, because there is less motional 
narrowing. Note that both large and small vessels produce 
faster decay at higher fields, as expected, but the changes in 

F I G U R E  6   Susceptibility effect 
parameter � obtained for various vessel 
diameters corresponding to capillaries at 
different field strengths for Monte‐Carlo 
simulations with freely diffusing protons 
(2% volume fraction) (A), for Monte‐Carlo 
simulations with no proton exchange 
between intravasular and extravascular 
spaces (2% volume fraction) (B), for Monte‐
Carlo simulations with a cylinder volume 
fraction of 4% instead of 2% (C), for static 
dephasing with protons not moving (2% 
volume fraction) (D), and for BOLD Δ� 
range (E)

(A)

(B) (C)

(D) (E)
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the proportions between the larger and smaller vessels are 
different, reflecting the reduction of motional narrowing at 
higher fields.

Although the theoretically predicted value of � is between 
1 and 2, we see in Figure 2A that there is 1 animal (mouse 4) 
in which � drops below 1. There are also several 𝛽 <1 val-
ues in Figure 5A. This is probably because the voxel size is 
limited and a single vessel dominates, in which the random 
network predictions of � varying between 1 for static dephas-
ing and 2 for motional narrowing no longer holds. Recent ex-
periments have also found � to be 0.8 in rodent brain,34 which 
could also be related to an ordered, as opposed to random, 
network structure. This behavior of � may be more prominent 
for high‐resolution fMRI studies in which the dominant effect 
of single vessels on the MRI signal becomes more likely.

For BOLD fMRI studies, the value of β appears in the 
Davis model12,35 and is used to compute CMRO2 changes, 
but the spatial nonuniformity of Δ� was not fully addressed 
in the original studies. This complexity makes the measure-
ment of � in the Davis model challenging. The value of 
� was obtained from fitting the macroscopic Davis model 
in Ref 23. Treating � as a free‐fitting parameter is simple 
to implement, but it no longer maintains its physiological 
meaning as the parameter that governs the susceptibility 
effect, and the 3 parameters M, �, and � are correlated. In 
VAN modeling, we are able to compute the oxygen dis-
tribution within microvascular networks, which provides 
the microscopic distributions of deoxyhemoglobin con-
centrations. This enables us to compute the physiological 
parameter � that is relevant for the Davis model from first 
principles. Compared with the uniform Δ� results, deoxy-
hemoglobin‐weighted results show that � is closer to the 
large vessel limit, as the vessels that contain the most de-
oxyhemoglobin are large venules. As shown in Figure 2B, 
�≈1.1 for B0 =1.5T, and � = 1 at B0 =3T and above, as 

opposed to the early calculations of � = 1.5 at 1.5 T12 and 
� = 1.3 at 3 T.36

The study of the field strength dependence on the sus-
ceptibility effect provides guidance for CBV measurements 
in imaging based on contrast agents. One assumption for 
these techniques is that ΔR2

∗
∝CBV, and thus the map of 

an R2
* increase after injection of a contrast agent provides 

a map of CBV.1-4 However, a hidden assumption here is 
that � is uniform, as ΔR2

* ∝CBV∗ (Δ�)�, and this relation 
is not accurate if � varies within regions. To obtain a more 
accurate measurement of CBV, a map of � or a sense of 
how � changes within different regions is desired to cor-
rect estimates of CBV. We have shown in Figure 5A that 
for a uniform distribution of Δ� within the contrast agent 
range, �≈1 except at B0 =14T. This indicates that a lower 
concentration of Δ� is desired for B0 =14T, as shown in 
Figure 5B.

5  |   CONCLUSIONS

We have analyzed the susceptibility effect on the trans-
verse relaxation rate using realistic microvascular ana-
tomical networks and modeling of the oxygen advection 
and diffusion through the network. Both the uniform and 
the deoxyhemoglobin‐weighted distribution of Δ� were 
studied. We show that the parameter �, which governs the 
dependence of the transverse relaxation rate on the mag-
netic susceptibility shift, is closer to the large vessel limit 
of �=1 at higher magnetic field strength. For BOLD fMRI, 
with a realistic anatomy and distribution of hemoglobin 
saturation, our results indicate that β = 1 for 3 T and above, 
greatly simplifying macroscopic models such as the Davis 
model.12 For perfusion and functional imaging techniques 
based on contrast agents, β = 1 for 9.4 T and below, in 
general. Our work provides insights on the fundamental 
question of the effect of proton diffusion on MR signals 
at different field strengths as well as practical applications 
for CBV measurements with contrast agents and rCMRO2 
measurements with BOLD fMRI.
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SUPPORTING INFORMATION

Additional supporting information may be found online in 
the Supporting Information section at the end of the article.

FIGURE S1 A, Distribution of vessel sizes from the 6 net-
works of mouse vasculature measured in vivo. B, Value of � 
obtained from the random cylinder model with the vessel size 
distribution in (A) for both BOLD (2×10

−7 to 12×10
−7) and 

contrast agent range (1×10
−6 to 10×10

−6) of �� concentra-
tion. C, Value of � as a function of �� concentration in SI 
units
FIGURE S2 A, Vasculature (blue, veins; red, arteries; green, 
capillaries) with starting pial artery and vein (branching order 
= 0) indicated in the figure. B, Distribution of SO

2 computed 
in the model as a function of branching orders, starting from 

the pial artery and vein. C, �� concentration in different 
branching orders. D, Corresponding vessel diameter in dif-
ferent branching orders
FIGURE S3 Value of � obtained for a mouse vascular for 
different dt values in the Monte‐Carlo simulations for the 
BOLD range of �� (2×10

−7 to 12×10
−7) (A) and contrast 

agent range of �x (1×10
−6 to 10×10

−6) (B)
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